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Foreword

In the foreword to the Joumal of NAMP, whose maiden issuc came out in 1992, it has been noted that there were
only very few scientists in Nigeria who could strictly speaking be called Mathematical Physicists. For this reason, 1t
was decided that the term Mathematical Physics should be broadened to mean: any Scientist who applics fairly
rigorous mathematics to Physics, Chemistry, Engincering, or other scicnces and also any Mathematician whose
results have dircct applicability in Physics, Chemistry, Engineering and so forth. In a great country like Nigena, the
process of growth which led to the formation of NAMP in 1979 has produced, as at today, quitc a number of
scicntists whose works bear signatures of the true meaning of the term Mathemaucal Physicist. To capture such
works is the burden of this sccond Journal of NAMP, called Transactions of the Nigerian Association of
Mathematical Physics.

It is my sincere hope that scveral scientists will try to have their works published in the Transactions of NAMP.

Prof. G. Babaji
March, 2018.
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OUT - OF - PLANE |
no_.mz_wm%m _/L_EE__.Z POINTS IN THE PHIOTOGRAVITATIONAL
sEN RESTRICTED THREE-BODY PROBLEM

\_. N.W. e 1, % .
Vincend*, J, Singh? and K. K. Asogwa’

13pepartment of Mathematics, Niperi
ucacn..:__a:_n:nwﬂww. Nigeria Maritime University, Okerenkoko, Delta State, Nigeria-
athematics, Ahmadu Bello University, Zaria, Nigeria.

Abstract
II\

—

This pape ; .
equl :.ﬂ:.wwh Mh..h“.”:\“ﬂn E\Enc: c\. an ..,S:F..h.?_i body near the oul of planc
of nvo cqually heavy :.w .5 mﬁME__.E:ES\ restricted three-bady problem G.:..n case
determined numerica :t. b nw.& odics «Qiu::mhu: \..3\.?3\. Thesc 35.:35 are
ufliinree of i T} m ased on the ::2..5:3:.,.5:& dynamic cquations. The
alldived eeghins-of a .w: Sactors on the pousitions of these cquilibrin as :i.\ nm.Sn
parametric way. It .Een_.a: as determined by the zero velocity curves is studied in a
el Mn " is obscerved that their positions as well as Sm topology of Q:U. zero
studied and it i affected by the parameicrs. Finally, the stability of these points is

bl found that there is a limited value of the radiation factors for which
the cquilibrium points are stable. This model has many applications, especially in the
ginmics behavior of extremely small objects such as dust grains and interplanctary
m:\:..m.n It also has interesting applications for artificial satellifes, Suture space
calonization or even vehicles and spacecraft parking.

S ————————
—

Keywords: Circular restricted threc-body probleny; Photogravitational Copenhagen problem; Out-of-planc cquilibria;

Zero velocity curves; Stability.

1.0 Introduction .
The restricted three-body problem (R3BP) in which two massive bodics (primarics) revolve around their common center of
mass in circular orbits and a third body of infinitesimal mass moves in the gravitational ficld, is a classical problem; which
las attracted the avtentions of mathematicians and astronomers (or centurics because of its application in dynamics of the
solar and stellar systems, lunar theory and artificial satellites. A special version of the classical restricted three-body problem
is (he so-called *Copenhagen problem’ where the two primary bodies, which rotate with constant angular velocity around
tieir common center of gravity, have cqual masses. The {hird body, which is usually referced as test particle, moves under the
resultant Newtonian gravitational ficld of the primarics. This problem was initially studicd by Elis Strémgren and his
colleagues at the Copenhagen Observatory (1]. Duc to its m:_i:nm..% and cosmological relevance the gravitational
Copenhagen problem has been studied by some authors .2_-@:. During the last century, mo<c._.u_ modifications of this
classical problem have been introduced in order o Eux.o it more relevant and applicable to certain systems of Dynamical
Astronomy and hence onc cannot survey all the mosl important Ecqﬁ.:ﬁn..ozn of m:n__. modifications of .E.m classical
prablem is the v__o—om_.uf.:u:o:u_ restricted Ea.n&o& problem Q_x.ums in E_H_nr the repulsive force of the radiation is also
considered in the potential function and it was :.__B@:nnn_ for studying En %nn._mn threc-body Eov_.oa of Sun, planct, Eua a
QE_E:mn_nGH.ﬁE maﬁo:u:nnc_. the radiation influcnce on celestial bodies has been recognized by many scienusts,

especially in conncction with the formation of concentrations of interplanctary and interstellar dust or grains in planctary and
ell as the un:—_&u:a:m on artificial satellites [10, 11]. The majority of these syslems consist of a

wm_”“ﬂﬂuﬂmqnm_m_mh””“mmnaw wc”.s.o plancts of ncarly B_a_._:u.muﬁ..‘___.\__ 8:._8 about :.F.: center of mass. ;n_.r.._‘o._.o. the Copenhagen
case of the R3BP comes again on S1age and .__.n mn_o.__::o :.:.:nm_ it arouses is rencwed :_w.._m_. da: interest was mainly
focused on the study of periodic and asymptolic orbils. c:EH the planc problem .:.n :.P.n.a_:_mam_ozu_ R3BP :um not been
extensively studicd. One of the most important steps In the u_:m_u\ of a %._ua_ﬁ_._.:o.v_n:, is the %s::sa_os of .___o
equilibrium states of the system. It is well w.:.oz.s that in the classical R3BP five cquilibrium points cxist [1). In dynamical
astronomy and cclestial mechanics these cquilibrium points of a system play a role

T ———
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OF.grcnl importance since at these locations the test particle is able to maintain iLs relative position, wnlth. rcspc‘;xvzo h.
primary badics. Also, they are very important especially for plotting the {rajcclorics of'sp;cgcmﬁs. On this basis, knowing i1,
equilibrium points of a system, give us very important information regarding the most Intnnsic properties of the d)n?mjcﬂ
system. The plane perpendicular to the planc of motion of the primarics has been shown o (csull n qu(-of-planc cquilibriyg,
points (OEPs) when the photogravilational cfTects of onc or both primary bodies are taken into consideration. Th\. CXISlenz,
of the out of the orbital planc cquilibrium poinls, in the PRIBP, was first pointed out by [|9J n the cases ol S.un'Ph"““'
particle and Galaxy Kernel-Sun-particle. 1e found two cquilibrium points on the (X.2) planc in symmetrical positions wyr
respect fo the (X, y) plane, OEPs in the photogravitational circular restricted problems have
papers [20 - 27]. The existence of these points is of particular astronomical interest in connection with planctary syster
formation, satellite motion, clc.

In the present stwidy our aim is (o numerically investigate how the radiation factors influence the positions of the OEPy 4,
w.c" as the regions allowed to motion of the infinitesimal body in the Copenhagen problem [21]. Seen as wiale the problen
displays a number of interesting features that are not apparent in previous studics.

The paper is organized in six sections. Scction 2 provides the equations of motion for the dynamic model-problem. Section 3
locates the positions of the out of planc equilibrium points. Specifically, it discusses the influence of the system parameters

(radiation factors g, and q,of the primarics) on the cquilibrium points in a paramctric way. Scction 4 1s devoted to the

surfaces and curves of zero velocity, The regions of allowed motion as determined by the zero velocity curves as well as the
positions of out of planc points are given Scclion 5 cstablished the lincarized stability of these equilibna, while Section 6
discusses the obtained results and conclusion of the paper.

been studied In many crlig

2 Equations of Motion
Consider the motion of an infinitesimal mass 21, (c.g. interplanciary dust grain) that is influcnced by the gravitational and

radiation pressurc forces of two illuminating primary bodies of mass 7, z2nd m1,and radiation pressure factors ¢, and ¢,

The two heaviest bodies (the primaries) revolve under their mutual gravitational attraction around their center of mass in
circular orbits. The units of measure of mass, Iength and time are taken so that the sum of the masses and the distance
between the primarics is unity, and, also, the Gaussian constant of gravitation G is |. A rottng rectangular coordinate
system whosc origin is the center of mass of the primaries and whose Ox-axis contains the primarnies 15 used. The anpular
velocity of the system 1s also unity [1]. Then, the cquations of motion of the infinitesimal mass in the three-dimensional
photogravitational Copenhagen restricted three-body in this coordinate system can be described following [5] and (21] in the
dimensionlcss variables as,
on _I_ll.('-ll](X+/l)_q,l‘(«”ﬂ—]]
3 ) !

ey _
TR 5 n
. D =)y @4
5hape Ry HCED BB (1
& n £

L & q(l-p:z a0

Tx ' "7,
where dots denote time derivatives and € the potential function in synodic coordinales is given as

I P TR 11 Ut ) B 2110 (2)
Q_E(X +y )+__‘—rl + r ]
(e YR =l 4yt (3)

where 1, and 1, arc the distances of the third body from the primaries; 4 1s the mass-ratio of the smaller primary to the toc!

mass of the prirnarics and l-/1=/1=0,5(lhc larger primary is located at the position ( — £,0.0) and the second primary 2!
the (1 — 4,0,0) correspondingly) and  the unit of distance is the distance between the primarics. The radiation pressure
rs of the primarics ¢,,q, according 1o Radzievskii theory is expressed by means of the relations g, =1-b,(=12)

o

pammclc "
where b, and §,8rc the ratios of the radiation force £ to the gravitational force F, which results from the gravitation dus

the (wo primary bodics /1 and M1, respectively. Itis interesting to note that for g, =4, =1, we obtain classical circular
restricted three-body prablem. It is clear that: If =), radiation pressure has no effect. 11 0< g, <l gravitational force

cxceeds radiation. If ¢,=0, radiation force balances the gravitational one. If ¢, <0, then radiation pressure overrides the

gravitational attraction. -
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5 " '/‘I‘u, {
i and ASOE" N 0y Ny

yineettt Sirg I
0.] {| for g, = —(
. polllls--- [on of (!2 (= ||1 I ll ).l "n‘l
Out-of-Planc Equitibrivm ints 95 funcl v
. 0l |
jliprivm p Z
tcs of the out of plan¢ cqu? $
Table 1. Coordinates - - 482507
q, o 94
116 0432260 0,45573‘,7
: —0.409432 0'493533
3‘3 —0.384807 ().49‘;684
' —0.357957 0.50
0'2 —0.328265 0514103
e —0294778 0526439
0.4 0255888 0548668
03

0.2 —0.144654 0.985390
0.11 —0,038826___/

fq, €[1,0.33] for g, =~0'02“ndp_

‘ tion o
. ints as func
Table 2. Coordinntcs of the out of planc equilibrium po

+z
X
q, ‘
0.274714
1.0 —-0.477558 ;
0276413
0.9 —0.456258
0.276789
0.8 —0.433428
0275585
0.7 —0.408735 2477
0.6 0381715 0.27242
0.5 —0.351679 0.266762
0.4 —0317531 0.257743
0.3 —0.277340 0.244058
02 —0.227068 0.224091
0.1 —0.154849 0204535
0.03 —0.051822 0.364787
Table 3. Coordinates of the out of plane equilibrium points as function of 4, €[1,0.12) for q, = -0.01 Sand = 05
9, X £z - ! . =
1.0
5o - ‘()).;1681515 0249052
05 A6y 0250388
0.437657
0.7 —0415678 0.250164
0.6 ~0.386315 T 1isg
o ~0.356534 0243537
on —0322724 0.23584)
oo ~0.283016 0223629
of2 ~0233536 0.20446¢
—0.180169 0.173297

0.!33493

1 ==0.002 and /1—'-0-5

thel"a'. ‘
fcat p 1q 55
83 I’JMCS '/alllme 7, (March, 2013},
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”“*—,\ﬁ AT ae 13 _
¢ G=08G=-01] T 00 Z . g1=-0002
o al % 7 |
, b4 \
i 4 T
2 e 'l L) b e |' ) (k) N" L‘- Lo
\ /. "L’ { 2
Wy 7 5 2 -t j
i "L2 .y -
-12 ~" g " X $9 ‘| s 2 x -12 A
i L T B Ry By Y ey S R T A P RCY AT
= = =-(.02
Fip.5, Zero veloclty curves in the (x,z) plane und locatlons of the out of plane equilibria forg, = 0.1, q, 0.0:.and
9, ==0.002 correspondingly. The locations of the primary bodics arc presented too. Note: The value of £=0.5,ang
g> =0.9 are fixed for ull cases

in

Note:  The value of 1=0.5,and
¢, ==0.002 are fixed for all cascs

5 Lincar stablllty of the equllibrium polnts ‘

|
d - 10 W . ‘
i G000z E L ge0ms| B ge08 |
Y \ p qZ' - | i 04 ‘ Y

- |“ v |‘ ] y\ [ ,

\\’ 2 \ 1 \{ z !

b1 n(-l‘L} ") [ nﬁii} .y 114 F(I: ; [eH }

s N /s |

-0 // \ -2 ] -0 !; ’
1ok ! R T LI T ) 'i
|19 <62 00 02 10 -19 -3Z 60 05 10 -10 -0 o0 0f ¢ ;

|

Flg.6. Zero velocity curves in the (x,z) planc and locations of the out of planc equilibria forg, =1, g, =0.55and ;
q,=0.5 carrespondingly, The locations of the primary bodies are presented too. :

To determinc the lincar stability of the out of plane cquilibrium points
the equations of motion, obtaining:

§-2p=alstaig+aig

7+26= 0n¢ +0%n +00¢ )
(= s+ Q)y+0lg

where the superscripl ‘o’ indicates that the partial deriv
Explicitly, the portial derivatives of system (9) are

z b .
L7, we transfer the origin to ( x,,0, 2, ) and lincanze

atives are (o be evaluated at the equilibrium poinl,

Q?n :Q';" - Q?: =Q?| =0'
q' == _

000 It 4+ =1, (1)

(10) |

] 3
r[n 'Ju 'l“

[)
N

Q=0 = 3:,,[

"I:v Iy
(I=sa _m
Q) =l-—=L -2
un N
A (=g, sy W =pqz3 3,z
o, =-| == Lo TSI
lia "0 o Ty
With

Transactions of the

(= g%y + 40)g, Bt g =1)g,

)
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A (% +/I? :F “0° =, 4+ H=1) 4 2
o dmcwnsuc cquation m”“ﬂonding u;"
7J - . .
; Lafaba e 0 System (9)is Eiven by
ohe” o -af, -0, (15)
a2 '
)y A +Ql|l‘ ‘Q'l | QI-_Q.J _ . ’

h;n“(-)|; 0 6[; 0v ' 0 " 45)" - (Q:'- ))u
l.:(Q(c) QI‘ — =S )‘Q:; ”(J,

Jhich isa polynomial of sixth degree iny
alues of the charaeteristic ¢qQuation (| 5y ¢
ctermine

eeb, - oint is stable an]
o equilibrium P only whe
A m point is unstable ¢l raats of the ‘

cquilibriv
As panicular cxample

,=0.5 and for n wide range of the radiation fac|
cetively. ol
Teble 5. Stability table for the cquilibrium points as a functj
unction o

pe cigenv
the q“_t’""'j or instbility of the respactne equilibrium poials
Wractenistic equation for J. are pure mugmrary. Otherwise. the

we compute the ¢
* churaclerigyj
T 15 7
Istic roq 2,0 =12__ 6 which are shown in Tables 5. b, and & for

gyand ¢,. Here the letters U and S stand for unstable and stable.

Fq,for y-05.4q,--01

A
-fq;""_r7200969 +I‘(; 887 Aj" " Stabtlity
i 0.5678338 + 0 oaahi £1.2083523 07200960 = 083796501 U
na e +1.0344" '7926044’ 111783153 05676335 £ 0 7926044 u
0.11 +1.0344721i £0.9564760/ £0.1238 ("' i 3

Tablc 6. Stability table for the cquilibrium points as a function of g,for p=0.5.g, =-0.02
2 =Vl g, =—-U.U=
7 l‘.: /1]'4 . Stability

1.0 —.0.7849378 1:0.9339548i +12197178 0.7849378 j
i 2 ) =0.9339548i U
05  -0.64410l 6 +0.8380485i +1.1938332% 0.6441616 = 0.5320-435 u
0.03 +1.0515113/ +0.9249563/ 2 0 16692601 S
Table 7. Stability table for the equilibrium points as a function of g, for 4#=0.5,q, = —0.015
0 ’7“1,2 21‘4 Aeg Subility

10 —(,7904498 4 0.9379974i +1.2206325i 0.7904498 + 0.9379974i U
05 —0.6421885+0.8368136i +1.1934396i 0.6421885+0.8368136i U

0.12 +1.09090697 +0.7739479i +0.4592676i S
Table 8. Stability table for the equilibrium points as a function of ¢, for £=0.5,¢9, =—0.002
9, 3 A Ay Subility
16 20.8093070 -_':_ 0.9519737i % 1.2237024i 0.8093970 +0.95 1973’{[ u
05 03438500+ 068000457 11333707 0343BS00L OB U
' 103 +0,9192555i +1.0541033i s

radiauon factors for which the equilibrium points

0.2 +1.0541033i
Analysis of Tables 5, 6, 7 and 8 reveal that there
‘"I“J;Ublc. Thesc results are in agreement with [21].

scussion and conclusion : cc

We studied (he photogravitational Copenhagen ms'-"cm-l mn": the
Propertics, We have found that the cquations of motio™ . l‘lfhc" in the (X
Paints, There are two out of plane equilibrium p oints (h" lcd on the positions of th
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